Abstract: Di usion of water vapor is the dominant growth mechanism for small water droplets and ice crystals in clouds. In current cloud models, Maxwell's theory is used for describing growth of cloud particles. In this approach the local interaction between particles is neglected; the particles can only grow due to changes in environmental conditions, which are assumed as boundary conditions at in nity. This assumption is meaningful if the particles are well separated and far away from each other. However, turbulent motions might change the distances between cloud particles and thus these particles are no longer well separated leading to direct local interactions. In this study we develop a reference model for investigating the direct interaction of cloud particles in mixed-phase clouds as driven by di usion processes. The model is numerically integrated using nite elements. Additionally, we develop a numerical method based on generalized nite elements for including moving particles and their direct interactions with respect to di usional growth and evaporation. Several idealized simulations are carried out for investigating direct interactions of liquid droplets and ice particles in a mixed-phase cloud. The results show that local interaction between cloud particles might enhance life times of droplets and ice particles and thus lead to changes in mixed-phase cloud life time and properties.
Introduction
Clouds in the troposphere consist of condensed water, represented in liquid water droplets or solid ice particles, collectively referred to as hydrometeors. After their formation, hydrometeors may grow by di usion if the environment is supersaturated with respect to the particular condensed phase. In this case, the hydrometeor acts as a sink for water vapor and establishes a net ux of water vapor to its surface, where the water molecules condense. If the environment is subsaturated, the hydrometeor acts as a source for water vapor and evaporates. In both cases, the hydrometeor modi es the water vapor concentration in its immediate vicinity and may a ect the growth of nearby hydrometeors. However, classical treatment of di usional growth of hydrometeors is based on the assumption of spatially well separated hydrometeors, having no or only negligible in uence on the growth of other hydrometeors. This classical treatment was rst developed by Maxwell [23] , later re ned by several authors and is nowadays described in textbooks of cloud physics (for example [20, 26, 32] ).
An emerging interest in small scale turbulence inside clouds raised the question of validity of the underlying assumption of well separated hydrometeors in real clouds. Numerical and laboratory studies show an effect called "preferential concentration" in turbulent liquid clouds, i.e. due to their inertia, cloud droplets tend to aggregate in regions of small shear and vorticity and form droplet clusters [19, 28, 34] . Although sedimentation may also cause aggregation of hydrometeors, preferential concentration refers to the case of smaller, non-sedimentating hydrometeors, so the variability in concentration is mostly due to turbulent structures. In regions of clustered hydrometeors, the assumption of well separated hydrometeors is no longer valid and one may speculate about changes in di usional growth behavior of the clustered droplets. It is shown in [6] that interior droplets in droplet clusters are screened from environmental conditions and their di usional growth depend solely on local conditions. The study [6] considers non-moving droplets, in uencing each other and provides a hint of possible screening and enhancement e ects concerning di usional growth of droplets. Vaillancourt et al. [30, 31] perform direct numerical simulation of a turbulent cloudy volume lled with droplets and consider the in uence of preferential concentration on droplet spectrum. They consider the question whether droplet spectrum broadens due to nonuniform spatial droplet distribution. They report preferential concentration of the simulated droplets, but do not observe signi cant change in the overall droplet spectrum, indicating that local e ects on the growth of individual droplets are averaged out regarding a whole cloud. The characteristics of the turbulence used in the studies [30, 31] are suitable for a cloud core. Using other characteristics of turbulence more reasonable for air volumes at cloud edge, local e ects may be stronger [8, 9] (see also the comment in [15] ).
These previous studies all consider the case of warm clouds where no ice particles are present. The purpose of this study is to extend these considerations to the case of mixed-phase cloud conditions, i.e. including the ice phase. This may yield additional e ects, since a droplet in uences the surrounding water vapor and temperature eld only in a relatively small neighborhood of about times droplet radius. However, an ice particle in uences the water vapor and temperature elds up to distances of ice radii, being one reason for the e ectiveness of the Wegener-Bergeron-Findeisen process [5, 14, 33] , where ice crystals grow at the expense of evaporating cloud droplets. The physical explanation for the Wegener-Bergeron-Findeisen process consists in a lower saturation vapor pressure of ice compared to the saturation vapor pressure over water at the same temperature at conditions far away from the triple point (T < T t ). This di erence in saturation vapor pressure implies a non-equilibrium as long as all phases of water are present, see the schematic in gure 1 visualizing the three possible con gurations of water vapor eld around a cloud droplet and an ice crystal for di erent environmental humidities. In a water supersaturated environment ( gure 1a) both hydrometeor types will grow, since the saturation vapor pressures of water and ice are lower than the environmental values. In other words, both hydrometeor types are a sink for water vapor. If the environment is subsaturated with respect to water but still supersaturated with respect to ice ( gure 1b), cloud droplets evaporate and ice crystals grow. This is the regime of the Wegener-Bergeron-Findeisen process. Finally, in an ice subsaturated environment, cloud droplets as well as ice crystals evaporate and form sources for water vapor ( gure 1c).
Note that the schematic relies heavily on the assumption of well separated hydrometeors, since environmental humidity ρv,∞ dictates growth behaviour of the hydrometeors. In particular, they cannot interact with each other directly, unless they manage to modify the environmental value, so no local interactions are possible.
In this study, we consider the case of not well separated hydrometeors and investigate implications on di usional growth. Speci cally, we examine local interactions between an ice crystal and nearby droplets in various con gurations in order to nd deviations from the situation depicted in gure 1. For this purpose, we developed a reference model for the direct numerical simulation of interaction of hydrometeors by di usion. We present the reference model along with the governing equations in section 2. Section 3 contains results obtained with the reference model for di erent spatial con gurations of hydrometeors. Since the reference model relies on the assumption of non-moving hydrometeors, we present in section 4 a modi ed numerical approach to include moving, but not colliding, hydrometeors. Section 5 is devoted to a discussion and some concluding remarks. We emphasize, that the reference model, described in this study, is designed to study local interactions between hydrometeors by explicitly resolving the hydrometeors as well as the water vapor and temperature elds. Therefore, we may only include a small number of hydrometeors, but track all relevant properties of the hydrometeors and the elds. For the study of local e ects on a cloud scale, the reference model is employed to construct a parametrization of local interactions between an ice crystal and surrounding droplets. This parametrization is described in [4] .
Description of Reference Model
In this section we describe the governing equations for di usional growth in subsection 2.1 as well as the numerical method used for the reference model in subsection 2.3.
. Model Equations
Let Ω denote an air parcel containing a hydrometeor ω ⊂ Ω. The domain of moist air is given by Ω \ ω. Denoting water vapor density as ρv and temperature as T, the governing equations for di usion of water vapor and heat within the moist air are given by
where D is di usivity, K thermal conductivity, ρ f density of moist air and c p,f speci c heat capacity of moist air, respectively. Basically, the set of equations in (1) encode Fick's law of di usion and Fourier's law of heat conduction and describe the spatial and temporal variation in the water vapor and temperature elds. Coupling of these equations to mass mω and temperature Tω of the hydrometeor ω is achieved through
In these equations, αω denotes the accommodation coe cient [12] , cp,ω the speci c heat capacity of the hydrometeor, Lω the latent heat for a phase change from vapor to hydrometeors phase and N the geometric outer normal vector to hydrometeors surface ∂ω. Extension of equations (1) and (2) to include an arbitrary number of hydrometeors is straightforward; one has to write down a set of equations of type (2) for every hydrometeor. Observe, that equation (2b) provides a boundary condition for the temperature equation (1b) along the surfaces of hydrometeors. As in Maxwellian growth theory, we assume thermodynamic equilibrium along the surfaces of hydrometeors, i.e. vapor density along the surface of a hydrometeor equals the saturation vapor density. Therefore temperature and mass of the hydrometeor (or, more precisely, shape of the hydrometeor) provide the required boundary condition for vapor density equation (1a). Boundary conditions at the outer boundary of the air parcel Ω are assumed as constant. Equations (1) and (2) comprise a coupled system of equations describing di usional growth of the hydrometeors as well as the vapor and temperature eld within moist air. Existence and uniqueness of an exact solution of such a system is discussed in [3] . Although turbulence is responsible for the spatial inhomogeneities of the distribution of the hydrometeors, we neglect the perturbations of small-scale turbulence on the water vapor and temperature elds, because the elds adjust very quickly to a quasi-steady state [20, chapter 8.2.2] . However, this is a modelling assumption and should be addressed in the future. The basic ingredients for this system of equations may be traced back to Maxwell [23] and are given in re ned form in recent textbooks [20, 26, 32] . To obtain a tractable set of equations, we discuss in the following some assumptions.
In our model, we prescribe shape and geometrical size of the hydrometeors but allow other hydrometeors properties to change in time. In particular, hydrometeors mass may change. Strictly speaking, this amounts to a change in density of the hydrometeors, since we xed their geometrical properties. A droplet is assumed to be spherical and an ice particle to be ellipsoidal, including spherical shape as a special case. Assuming cloud droplets as spherical is justi ed for droplets smaller than about µm in radius [25] . Regarding the ice crystals, one had in principle to track shape and position of their surface, comprising a so-called Stefan-problem (e.g. [24] ). Tracking surface properties is numerically very challenging and will not be done here, because dendritic growth of ice particles can lead to very complicated geometries (compare e.g. [35] ). Moreover, details of surface processes of growing ice particles are not fully understood and subject of current research [21, 22] . To describe local interactions of hydrometeors due to di usional growth, shape of the ice crystal is probably not very important, since in some distance from the ice crystal water vapor eld is very similar to the vapor eld of a spherical particle, see subsection 3.1.
As already pointed out, we assume hydrometeors not to move around. This assumption is rather technical, since otherwise we had to calculate a new computational mesh in every timestep. In section 4, we describe a numerical method allowing to include moving hydrometeors without any remeshing. In contrast to our reference model, the new numerical method does not fully resolve the hydrometeors.
. Maxwellian Growth Equations
For convenience, we shortly present the equations describing Maxwellian growth of hydrometeors (for a complete discussion, see e.g. [20] ). These equations are deduced from the set of equations (1) and (2) by assuming an isolated spherical hydrometeor with isotropic conditions in radial direction. Neglecting the time derivatives in equation (1) and assuming di usivity and thermal conductivity as constants D and K , respectively, allows to solve the equations analytically. With analytic expressions for water vapor density ρv and temperature T, one can calculate the normal derivatives arising in the surface integrals in (2) . Using the assumption of a spherical hydrometeor with radius rω again, the integrals can be evaluated exactly and one arrives at 
where erf denotes the error function. Factor 
. Numerical Model
To solve the governing system of equations (1) and (2) we have to discretize space and time. For space discretization we use a nite element method, to be described in subsection 2.3.1. Details for time discretization are given in subsection 2.3.2. We discretize space with the help of an unstructured tetrahedral mesh, obtained by applying the mesh generator "TetGen" [29] . With the tetrahedral mesh we resolve all hydrometeors, therefore sizes of the tetrahedrons smoothly decrease towards a hydrometeor whereas tetrahedrons are larger far from any hydrometeor. Note that resolving a curved surface is not exactly possible with the straight faces of tetrahedrons, so, strictly speaking, we replaced the curved surface of a hydrometeor by an approximation consisting of the faces of tetrahedrons.
. . Space Discretization
The reference model employs a linear nite element method as space discretization (for example [10] 
since e j M j= form a basis of the vector space of all piecewise linear functions de ned on the mesh. Observe that (6) reduces precisely to the value of g at any vertex.
To achieve a discretization of the di usion equations (1), we rst transform the equations to the so-called weak formulation by multiplying each equation with a test function, integrating the result over the whole domain and using Gauss theorem. Assuming the exact solution and the test functions to be piecewise linear, we obtain a linear system of ordinary di erential equations, whose discretization is discussed in subsection 2.3.2.
Let φ : Ω \ ω → R denote a test function, i.e. an arbitrary di erentiable function vanishing on the boundary ∂ Ω \ ω . Multiplying equation (1a) by φ, integrating over the domain Ω \ ω and applying Gauss theorem yieldsΩ (7) where we used the fact that φ vanishes on the boundary ∂ Ω \ ω . Since the test function was arbitrary, equation (7) holds for any test function and is called the weak formulation of equation (1a). An analogous weak formulation also holds for the temperature equation (1b). The weak formulation (7) has some advantages over the classical formulation (1a). From a mathematical point of view, the weak formulation may be used to prove existence and uniqueness of weak solutions contained in an appropriate Sobolev space (for example [13] ). A more practical aspect of the weak formulation consists in less restrictive regularity demands on solutions, since for the weak formulation to make sense, we only need one times di erentiability in space (for any xed time instant). In fact, one may even weaken the notion of di erentiability to "weak-di erentiability" such that piecewise linear functions, as given in (6), su ce (these ideas lead to the de nition of Sobolev spaces). Therefore, we assume the solution ρv as well as the test function φ as piecewise linear functions on the mesh given by
Since the weak formulation (7) must hold for any test function, it is enough to substitute successively the basis functions φ = e k for ≤ k ≤ M into the weak formulation. Exploiting linearity of the integral, this yields the set of equations
for every ≤ k ≤ M. Introducing the symmetric matrices
and
we may rewrite system (9) to read da dt
with the coe cient vector
The functions {e j } M j= depend solely on the mesh, allowing to compute matrix M after generation of the mesh. Matrix A contains the unknown solutions through the di usivity D. We compute this matrix within every timestep using values of water vapor density ρv and temperature T from the previous timestep. After solving the ordinary di erential equation (12), we obtain the temporal evolution of the spatial discretized water vapor density through formula (8a). As is shown in the numerical analysis of the nite element method, approximating the unknown solution linearly within every tetrahedron leads to a rst order method in the norm of the Sobolev space and to a second order method in the norm of L (Ω \ ω).
In an abstract mathematical framework, one considers the weak equation (7) as an operator equation posed in an in nite dimensional Sobolev space X. Spatial discretization, as described above, formally consists in choosing a nite dimensional subspace S ⊂ X with basis {e j } M j= and simply solving the operator equation, imposed through the weak formulation, in the nite dimensional subspace S, subject to some orthogonality constraint. Such an approach is commonly called a Galerkin method or projection method. In case of the nite element method discussed above, the nite dimensional subspace S is de ned through the chosen mesh.
. . Time Discretization
Time evolution of our model is described by the linear system of ordinary di erential equations (12) for some time interval [ , T End ]. We rst remark that the matrix M is invertible, since it is a matrix of L -products of linear independent functions and system (12) may also be written as da dt = M − Aa. Matrices M and A arise from the spatial discretization of a partial di erential equation and due to the choice of functions {e j } M j= , both matrices are large but sparse, i.e. only a few entries per line are di erent from zero. Moreover, matrix A has large negative eigenvalues, leading to a sti ordinary di erential equation requiring implicit methods to solve it numerically [11, 16] . In our model we choose the implicit method of Euler, since the method is stable for sti di erential equations and damps nonphysical oscillations (the method is L-stable, see [16, Chapter IV.3] ). Applying the implicit Euler method on the discrete time mesh = t < t < . . . < T End with constant time step ∆t, we arrive at
where a l denotes the solution at time instant t l . Matrix M is invertible, so we obtain an invertible matrix M − ∆tA for ∆t small enough, since invertible matrices form an open subset in the set of all square matrices.
We are left with the discretization of the boundary equations (2) . Temporal discretization of these equations is done using the explicit Euler method yielding
where we use the representations of the new elds ρ l+ v and T l+ . Since the surface of the hydrometeors is approximated by faces of tetrahedrons contained in the mesh, the occurring surface integrals are easily approximated.
Therefore, a single model timestep consists in rst performing one step in equation (14) 
Results
In , where p l,sat and p i,sat denote saturation pressure over a plane surface of liquid water and ice, respectively. As ambient saturation ratio we choose S∞ ∈ { . , . , . }, representing one supersaturated and two subsaturated environments with respect to water. Corresponding values for ice saturation ratio are S i,∞ ∈ { .
, . , .
},
showing slight ice subsaturation for the third value.
As spatial domain we always use a cube with side length · − m = mm, where the origin of the coordinate system is in the center of the cube. Length scaling of coordinates is done with factor · − m, meaning a coordinate length of corresponds to a length of µm. As already mentioned, we use an unstructured mesh so the spatial resolution increases towards the hydrometeors. Typical distances of the mesh vertices along the surface of the ice crystal are . µm and along the droplet surfaces . µm. We show slices through the computational domain at height z = if not otherwise stated. Moreover, we show pro les of saturation ratio along straight lines through the computational domain, where the line is parameterized by [− , ] γ → (γ, , ) for varying x-coordinate and by [− , ] γ → ( , γ, ) for varying y-coordinate.
. Single Hydrometeor
To test the reference model, we use a single droplet located in the center of the computational domain with initial radius µm. Figure 2 shows relative errors in droplets mass and temperature obtained with our reference model compared to a numerical solution of the classical Maxwellian growth equations (3) Relative error in droplet mass and temperature between the reference model and classical Maxwellian growth theory for ambient saturation ratios S∞ ∈ { . , . , . , . , . , . } with respect to water. The blue and red curves almost coincide.
Our second simulation with a single hydrometeor considers an ellipsoidal shaped ice crystal with major semi-axis length µm and minor semi-axis length µm. This is a common approximation for a needleshaped ice crystal. Figure 3 shows contours of water supersaturation around the ice crystal at time instant s with ambient saturation ratio S∞ = . . Although supersaturation in the immediate vicinity of the ice crystal is a ected by its shape, the eld is practically equal to the eld of a spherical ice crystal in distances were we usually expect water droplets, not colliding with the ice crystal. Figure 4 shows pro les of saturation ratio in x-direction ( gure 4a) and y-direction ( gure 4b). For comparison, the gures also show saturation ratio pro le around a spherical ice crystal with radius µm. We observe good agreement of the pro les in some distance of the ice crystals, being consistent with other simulations reported in [22, gure 5] . Although nearby droplets may slightly change their growth behaviour, we restrict ourselves to spherical ice crystals within this study.
. Multiple Hydrometeors . . Uniformly Distributed Droplets
The use of bulk microphysic schemes in cloud models always implicitly assumes a sort of uniform spatial distribution of hydrometeors, where distances between the hydrometeors are large enough to not in uence each others di usional growth. This motivates a simulation, where we place a single spherical ice crystal in the center of the computational domain and uniformly distribute droplets with centers on the edges of a regular grid with grid spacing · − m = µm. The ice crystal has initial radius µm and we distribute droplets with initial radii of . µm, amounting to a local liquid water content g m − , being slightly higher than the value of g m − used in [7] . Figure 5 shows contour lines of water supersaturation for ambient water saturation ratio S∞ = . . As in [7] , we observe a shift of contour lines towards the ice crystal caused by the presence of the droplets. In other words, the droplets cause another deformation of the supersaturation eld, limiting the in uence of the deformation of the ice crystal. Since we chose equilibrium conditions at the surfaces of the hydrometeors, the red curve relaxes to water saturation for every droplet, seen as the "spikes". Passing through the ice crystal in the center of the computational domain, saturation ratio equals ice saturation at S∞ ≈ . . The saturation ratio curve is remarkably similar to the schematic in gure 1, we clearly see deformation of saturation ratio eld caused by the hydrometeors. The important di erence between gures 1 and 6 is the fact, that the saturation ratio curve in gure 6 does not relax to the ambient value S∞ = . between the hydrometeors. Therefore, the hydrometeors inuence each other in their di usional growth, being independent of ambient conditions. For comparison, gure 6 contains saturation curves for an isolated ice crystal (blue curve) and uniformly distributed droplets without an ice crystal (green curve). Comparing the red and blue curves shows in uence of the surrounding droplets on the saturation eld around an isolated ice crystal. It is also seen that the ice crystal dominates the shape of saturation eld. We remark the robustness of these conclusions regarding changes in ambient conditions. Figure 7 shows pro les of saturation ratio for di erent ambient conditions. As expected, the ice crystal is always a sink for water vapor although the strength depends on temperature due to temperature dependence of saturation pressure. Consequently, for lower temperatures the ice crystals a ects nearby droplets more signi cantly.
Changing ambient saturation ratio to S∞ = . , corresponding to an ice subsaturation with ice saturation ratio S i,∞ ≈ .
, classical Maxwellian theory predicts evaporation of the ice crystal. However, the presence of surrounding evaporating droplets induces a local supersaturation with respect to ice as seen in gure 8. Within the evaporating droplets, we observe ice supersaturation up to % and the ice crystal is e ectively screened from the ambient ice subsaturated conditions. The scenarios discussed so far are impossible to represent in a bulk scheme, because these schemes only consider ambient conditions and neglect local spatial variations, i.e. saturation ratio between the hydrometeors does not relax back to ambient conditions, contrary to the schematic in gure 1 .
In order to demonstrate the e ect of surrounding droplets on the ice crystal, we compare the temporal evolution of ice mass in gure 9 for ambient water saturation ratios S∞ ∈ { . , . , . }, corresponding to the ice saturation ratios S i,∞ ∈ { .
, . , . }, with the case of an isolated crystal (dashed lines). We observe the strongest in uence of surrounding droplets on ice growth in ice subsaturated environmental conditions, changing ice evaporation to ice growth. The in uence of the droplets is seen to decrease with increasing ambient water saturation ratio. This behavior re ects the ability of the surrounding droplets to deform the local supersaturation eld. Within water supersaturated environments, the ice crystal is a much stronger sink for water vapor and dominates the shape of the supersaturation eld. Therefore it is di cult for surrounding droplets to steepen the gradients in supersaturation at the ice crystal surface any further, which is needed to increase ice growth.
For other ambient temperatures the above statements remain mostly true, even for warmer temperatures and water supersaturated conditions. Although the ice crystal is always a sink for water vapor for subfreez-ing temperatures, its strength decreases for increasing temperature (compare gure 7). Consequently, the strength of the sink gets comparable to the strength of the sink of the droplets, leading to smaller water vapor gradients at ice crystals surface and a decrease in growth.
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Figure 9: Temporal evolution of ice crystal mass for an isolated ice crystal (dashed) and an ice crystal surrounded by homogeneously distributed droplets (solid) for various ambient saturation ratios: red curve: S∞ = . ; blue curve: S∞ = . ; green curve: S∞ = . .
. . Non-Uniform Distributed Droplets
Next we investigate screening e ects caused by spatially non-uniform distributed droplets as depicted in gure 10. A spherical ice crystal with radius µm is located in the center of the computational domain at coordinates ( , , ), represented by the brown dot. Along a sphere with radius µm around the ice crystal (black circle in gure 10) we placed droplets nearly uniformly. These surrounding droplets will tend to screen the strong in uence of the ice crystal on local vapor eld. In order to investigate the screening properties of small droplet accumulations, a droplet is placed at coordinate ( , , ) (blue dot in gure 10).
The single droplet at coordinate ( , , ) serves as test object for the in uence of the ice crystal (blue dot in gure 10) and screening of a small droplet accumulation. To imitate a small droplet accumulation, we place droplets on the vertices of a cube centered at the blue dot (green and magenta circles in gure 10). The coordinates of these additional droplets are given by (± . , , ± . ) and (± . , , ± . ), having distance of approximately µm to the centered droplet and are µm above and below the slice plane. Moreover, a single droplet is placed at coordinate ( , , ) (red dot in gure 10) to compare the growth behaviour of this single droplet with the blue droplet inside the droplet accumulation.
All droplets have initial radius µm. As before, we used this geometry for simulations with ambient saturation ratios S∞ = . and S∞ = . , once with the surrounding droplets and once without. Removing the surrounding droplets has qualitatively the same e ect as already discussed in the previous paragraph. In case of ice subsaturated environmental conditions, the surrounding droplets screen the ice crystal from the environmental ice subsaturation and produce a local ice supersaturation, allowing the ice crystal to grow. Similarly to gure 9, the e ect of the surrounding droplets gets more important as ambient water saturation ratio decreases. Figure 11 shows the supersaturation eld with respect to water at water supersaturated ambient conditions S∞ = . . The shape of the contour lines is dominated by the in uence of the ice crystal, causing a local water subsaturation (blueish colors). Figure 12 shows temporal evolution of droplet masses, where the coloring of the curves coincides with the coloring in schematic 10. Already the di erent slopes of the curves indicate local interactions between the hydrometeors, documenting di erent growth behaviours of the droplets. Figure 12a considers the case with surrounding droplets and gure 12b without. Corresponding curves are slightly lower in case without surrounding droplets, showing screening of the ice crystal by the surrounding droplets. Masses of all droplets decrease when removing the surrounding droplets, illustrating again the dominance of the ice crystal on the saturation ratio eld. Both, red and blue droplets, have the same distance from the ice crystal, but slightly di erent growth behaviour (the red curve is always below the blue curve in gure 12). The blue droplet is inside the small droplet accumulation and this accumulation lowers the in uence of the ice crystal. Now we change ambient saturation ratio to ice subsaturation S∞ = . . Figure 13 shows contour lines of supersaturation with respect to ice. All droplets evaporate and release enough water vapor to produce a local supersaturation with respect to ice, allowing the ice crystal to grow. Contrary to the case of ambient water supersaturation above, water vapor eld is no longer dominated by the ice crystal and the e ects of the droplets get more important, even though there are far less droplets present as in the case with uniformly distributed droplets discussed in subsection 3.2.1. Those local e ects, especially screening e ects, may be seen by comparing the temporal evolution of droplet masses in gure 14a with the case of removed surrounding droplets, shown in gure 14b. All surrounding droplets evaporate due to the massive subsaturation with respect to water, thus providing water vapor to the ice crystal. They screen the ice crystal from the ambient ice subsaturation and decouple its growth from ambient conditions. The evaporating surrounding droplets provide water vapor also to the other droplets. This e ect is visible in gure 14 by a slight decrease of all droplet masses after removing the surrounding droplets. Without those droplets, only the evaporating ice crystal is a local source for water vapor. Due to the only small ice subsaturation, the evaporation rate of the ice crystal is much smaller compared to any of the droplets. Consequently, the ice crystal provides less water vapor compared to the evaporating surrounding droplets. As before, we observe a screening e ect caused by the small droplet accumulation. The evaporation rate of the blue droplet, being inside this accumulation, is smaller compared to the isolated red droplet. The outer droplets of the accumulation (green and magenta curves) are completely exposed to the massive subsaturation with respect to water. They evaporate faster and increase water saturation slightly in the interior of the accumulation, resulting in a decrease in evaporation rate of the centered droplet (blue curve). . Line colors coincide with coloring of droplets in schematic 10: Grey curves show mass evolution for surrounding droplets, red curve for isolated droplet, blue curve for droplet inside droplet accumulation. Green and magenta curves show mass for droplets nearer to and further from the ice crystal, forming the droplet accumulation.
. Tuboidal Droplet Con guration
In the context of inhomogeneous droplet distributions, the concept of vortex tubes is used in [27] to show that supersaturation inside such tubes rises due to the ejection of droplets and ascent of the cloud parcel. In the following, we investigate local saturation elds within such a tube for pure di usional interaction. We consider a tuboidal droplet con guration consisting of droplets and one ice crystal in total. On height levels, parallel to the usual slice plane and separated by a distance of µm, we arranged droplets per plane uniformly along a circle. At height level zero, i.e. the usual slice plane, the midpoint of the droplet circle has coordinates ( . , , ) and distance µm to the ice crystal, located in the center of the computational domain. The droplet tube extends µm above and below height level zero. Setting ambient water saturation ratio as S∞ = . , the supersaturation eld is dominated by the ice crystal, as before. Droplets have only minor in uence on its shape. Changing ambient water saturation ratio to water subsaturation S∞ = . , the contour lines of water supersaturation are shown in gure 15; note the di erent colormap. Local interaction by di usion seems negligible regarding a potential rise in saturation ratio within the droplet tube. This is better seen in gure 16, showing a slice with constant x-value at x = . through the centerline of the droplet tube, perpendicular to the usual slice plane. Above and below height zero where the ice crystal is located, the ice crystal in uences the supersaturation eld much less than at height zero. However, local di usional interaction is not able to decrease subsaturation within the droplet tube signi cantly. On the top and bottom of the droplet tube, a rise of . % in supersaturation is observed. Instead of a decrease in subsaturation, we observe a nice screening of the in uence of the ice crystal in gure 15. Behind the droplet tube, the in uence of the ice crystal is nearly cancelled.
In case of ice subsaturated environmental conditions S∞ = . , we obtain an analogous result as shown before. The ice crystal has only minor in uence and the droplet tube provides enough water vapor for the ice crystal to grow. Inside of the tube, we observe ice supersaturations of about %. . This is a slice through the center of the droplet tube, perpendicular to usual slice. Note the di erent colormap, centered at ambient value S∞ = . .
Numerical Method for moving Hydrometeors
In this section we describe an extension of the numerical method used in the reference model to include moving hydrometeors. Recall that spatial discretization in the reference model involved construction of a mesh, adapted to the current position and size of all hydrometeors through the dependence on the basis functions de ned in equation (5) . In principle, we could include moving hydrometeors in the reference model, but it would require remeshing at every timestep as well as projection of the numerical solution on the new mesh. Remeshing is crucial for accuracy of the nite element method since numerical approximations are de ned solely with the help of the mesh. This was already pointed out at the end of subsection 2.3.1, where we discussed an abstract interpretation of the nite element method as a substitution of the Sobolev space X by a nite dimensional subspace S ⊂ X.
In recent years a generalization of this idea was developed, mainly in the context of material science, where one is interested in modeling propagation of cracks. The core idea of the generalized nite element method consists in a mainly mesh independent de nition of the nite dimensional subspace S. A comprehensive overview of the method may be found in [2] . In the following, we present the ideas of the generalized nite element method, apply it to the governing equations from subsection 2.1 and show some results as a proof of concept.
De nition of the subspace S is done in two steps. In the rst step, we use a coarse mesh as in the nite element method, but not adapted to the hydrometeors, providing a basic piecewise linear approximation. In a second step, for every hydrometeor we add a function, capturing the local steady-state elds to bridge the length scales between the coarse mesh and the small hydrometeors. Using a local steady-state solution in the vicinity of a hydrometeor is justi ed by the following observation: the exact solution of a di usion equation relaxes very fast towards the corresponding steady state, at least locally. Therefore, we may expect the steadystate solution in the vicinity of a hydrometeor to provide a reasonable approximation of the water vapor and temperature eld. Restricting ourselves to spherical hydrometeors, we can use classical Maxwellian growth theory to obtain formula
describing the exact steady-state solution of ∆ξ = for some quantity ξ around a spherical hydrometeor. Herein, R denotes the distance from the center of the spherical hydrometeor, r d > its radius, r∞ > r d the radius of the outer boundary conditions, ξ d the boundary condition at hydrometeors surface and ξ∞ the boundary condition at distance r∞ from hydrometeors center. Note that as r∞ → ∞, equation (16) reduces to the well-known formula of the steady-state solution of water vapor eld and temperature around a spherical droplet, found in derivations of Maxwellian growth equation [26, Chapter 7] . We want to include an appropriate steady-state solution of type (16) within a ball of radius r∞ around every hydrometeor in the model. The following construction of a partition of unity formalizes this idea. Let L denote the number of hydrometeors present in the model and consider a hydrometeor with index l. Let ϕ l denote a cuto -function, being identically within a distance r∞ from the center of hydrometeor l and afterwards relaxing linearly to zero between distance r∞ and r∞ + δ l . These cuto -functions are used as one part of the desired partition of unity. Assuming the coarse mesh to consist of M vertices, we obtain the piecewise linear functions {e j } M j= as de ned in (5), yielding the other part of the partition of unity. De ning
the collection of functions e B , . . . ,
forms a partition of unity on the given mesh, i.e. for any point x in the model domain we have
and every function in (18) is nonzero only in a small portion of the domain. The new numerical approximation, e.g. for water vapor density ρv, is given by
where, in case of vapor density, ξ l denotes the steady-state solution for water vapor density of hydrometeor l de ned by (16) . The cuto -function ensures that the steady-state solution for a speci c hydrometeor is only valid in a ball of radius r∞ around this hydrometeor and therefore provides locality of the steady-state approximation. An analogous approximation for temperature is used. Compared with the nite element approximation (8a), the new approximation (20) is extended in order to capture local variations in the vapor and temperature eld on a coarse mesh. Since the rst part of approximation (20) corresponds to the familiar and convergent nite element framework, the new approach also yields a convergent method. On a discrete level, we update the boundary conditions, used within the steady-state solution ξ l , according to the properties of the hydrometeor from the previous timestep. The generalized nite element method is an extension of the nite element method build upon the weak formulation (7) of the governing di usion problems. The derivation of the weak formulation, as carried out in subsection 2.3.1, is only valid in the domain Ω \ ω of moist air. However, using in addition a penalty approach, we may apply the same formula as in equation (7), where we replace the domain Ω \ ω by the whole domain Ω. Contributions, arising from integration along hydrometeor ω, are penalized with a factor ε for some parameter ε > . Convergence of the solution of the penalized formulation to the desired solution of formulation (7) for ε → is shown in [1, Theorem 3.1] .
For the following results, we use a slightly smaller cuboid than before with side length . cm as spatial domain together with timestep ∆t = · − s. The nite element part of approximation (20) is constructed with a coarse mesh where the mesh nodes are distributed regularly with grid spacing µm. Radius r∞ in equation (16) is given by
where d denotes the maximal diameter of all tetrahedrons present in the coarse mesh and we use the penalty parameter ε = . · − .
. Comparison with Reference Model
First we consider interaction between an ice crystal, placed in the center of the computational domain, and a single droplet, placed at distance µm to the right from the ice crystal at ambient saturation ratio S∞ = . . Figure 17 shows contour lines for water supersaturation, together with nodes of the coarse mesh, depicted by black dots. Despite the coarse resolution, the supersaturation eld is qualitatively the same as computed with the reference model. Temporal evolution of the hydrometeor masses is shown in gure 18 together with results obtained with the reference model. Although the coarse mesh does not resolve the hydrometeors at all and we cannot expect the curves to t perfectly, using the generalized nite element method allows to capture the qualitative features of the temporal mass evolutions.
. Moving Ice Crystal
The generalized nite element was introduced as a method to allow moving hydrometeors. As an example, we show the case of an ice crystal interacting with one droplet, where the ice crystal passes the xed position of the droplet in a water supersaturated environment with saturation ratio S∞ = . . The droplet is xed at position ( . , − . , ) while the ice crystal moves from position (− , − , ) at the left bottom within s along a straight line to position ( , , ) at the top left. Figure 19 shows contour lines of water supersaturation at di erent time instants. Time evolution of droplet mass is shown in gure 20. At the beginning, the droplet is within a water supersaturated environment, allowing growth by di usion. As the ice crystal gets closer, the droplet gets enclosed in a water subsaturated environment (blueish colors in gure 19), causing evaporation. After s the ice crystal again increases distance to the droplet and the in uence on the droplet consequently decreases.
As a second example, we consider again an ice crystal moving within s from (− , , ) to ( , , ) along a straight line. The ice crystals path is surrounded by a total of xed droplets. At coordinates (x, y, ± ) with x, y ∈ { , ± }, we placed droplets above and droplets below the slicing plane at vertical distance µm. Within the slicing plane we placed droplet at coordinates ( , ± , ), ( , ± , ) and ( , ± , ). Figure 21 shows contour lines for water supersaturation at ambient conditions S∞ = . . In uence of the moving ice crystal on the mass evolutions of the droplets is shown in gure 22. Since the droplet con guration is symmetric to the slice plane, we only show the mass evolutions of the droplets below the slice plane. Also due to symmetry, all curves consist actually of two curves of droplets, normal to ice crystals moving direction. Dashed curves in gure 22a depict exceptions to this rule stemming from droplets at position (− , , − ) and ( , , − ). Despite the ability of the generalized nite element method to simulate local interactions of the hydrometeors, we observe again the local in uence of the ice crystal on the droplets, resulting in quite di erent complex growth patterns. 
Discussion and Conclusion
This study focuses on the description of local interactions between hydrometeors, speci cally ice crystals and cloud droplets, being relevant for a physically consistent representation of the Wegener-Bergeron-Findeisen process in mixed-phase clouds. Furthermore, the Wegener-Bergeron-Findeisen process is an inherent local physical mechanism due to a nite radius of in uence of the hydrometeors. To study local interactions by di usion we developed a reference model, solving numerically the governing di usion equations, employing a nite element method as spatial discretization. The nite element method combined with a Runge-Kutta method for timestepping is usually used for parabolic problems in numerical analysis and therefore well documented. To achieve a computational feasible model, we neglected movements of the hydrometeors and perturbations of the water vapor and temperature eld due to turbulent motions. It is important to keep in mind that in natural clouds the water vapor and temperature elds are continuously a ected by turbulence and sedimentation of the hydrometeors, whereas in our model the elds only change due to molecular di usion, comprising a limitation of the model.
In principle, the reference model is also capable to deal with moving hydrometeors but this requires spatial remeshing in every timestep, being computationally expensive. As an alternative spatial discretization, we proposed the generalized nite element method allowing to include moving, non-colliding hydrometeors. As a proof of concept, we showed that the new method is able to solve the governing equations and yields reasonable results. In particular, we discussed two examples of an ice crystal passing xed cloud droplets and showed its in uence on droplet growth.
Concerning interactions between an ice crystal and cloud droplets, the schematic gure 1 compiles di erent possibilities, depending on ambient humidity and using classical Maxwellian growth theory. This theory is valid as long hydrometeors are spatially separated, allowing the water vapor eld to relax back to ambient values between the hydrometeors. As a consequence, di usional growth behaviour of the hydrometeors depends only on ambient conditions. As is shown in literature, small-scale turbulent motions can lead to local accumulations of hydrometeors, violating the assumption of well separation. For this reason we considered the case of local accumulated hydrometeors involving ice crystals and droplets as well as qualitative implications on their mutual di usional growth. Comparing for instance the pro les of saturation ratio shown in gure 6 and the schematic in gure 1, local interactions between the hydrometeors are evident. Simulations with our reference model for water supersaturated environmental conditions reveal that the supersaturation eld is dominated by the ice crystal and in uence of the cloud droplets is small. Even for the case of spatially uniform distributed droplets discussed in subsection 3.2.1, corresponding to a larger local liquid water content, the ice crystal dominates supersaturation eld. A large number of cloud droplets in the vicinity of the ice crystal can attenuate its in uence. However, the ice crystal comprises a strong sink for water vapor, causing a local subsaturation with respect to water and therefore nearby droplets evaporate, similar to the Wegener-Bergeron-Findeisen process. In particular, the in uence of the ice crystal decouples growth behaviour of the cloud droplets from ambient conditions, contrary to the schematic in gure 1. Since the ice crystal dominates the supersaturation eld anyway, enhancement of ice crystal growth is small.
Considering the case of an ice subsaturated air parcel, evaporating droplets provide water vapor to diminish subsaturation locally or even produce a slight ice supersaturation. An ice crystal, present in this local environment, evaporates slower or even starts to grow. The latter case corresponds again to a decoupling of growth behaviour from ambient conditions. Droplets also respond to this local increase in saturation ratio and evaporate slower, thus allowing them to exist for a longer time in subsaturated environments. Therefore, droplets inside of a droplet cluster slow down their evaporation in areas of dry air. These phenomenons are variants of screening e ects, shielding certain hydrometeors from ambient conditions.
In the classical regime where one expects the Wegener-Bergeron-Findeisen process to occur, i.e. water subsaturated but ice supersaturated environment, see gure 1b, enhancement of ice crystal growth increases for decreasing environmental water saturation ratio (see gure 9). This corresponds to the de nition of the Wegener-Bergeron-Findeisen process as ice crystals enhance their di usional growth at the expense of surrounding cloud droplets [18] . However, due to local e ects the Wegener-Bergeron-Findeisen process is also active in localized regions of accumulated hydrometeors. In the water supersaturated environment, the ice crystal continues to evaporate nearby droplets, although it does not enhance its growth rate signi cantly. In an ice subsaturated environment, evaporation of hydrometeors leads to limited areas of increased saturation ratios and allows other hydrometeors in those areas to evaporate slower or even grow.
Finally, we considered the case of a droplet tube, motivated by the discussion of vortex tubes in [27] . The authors showed an increase in supersaturation within vortex tubes due to vertical motion of an air parcel. We investigated if only local interactions by di usion su ce to increase supersaturation within the tubes. At least from our simulations, we do not nd a signi cant increase in supersaturation. However, as the sink strength for the ice crystal decreases (for example in water subsaturated environments), presence of such a tube of droplets can e ciently screen in uence of the ice crystal. If the environment is even ice subsaturated, a droplet tube acts as a strong source for water vapor.
Such detailed simulations, where we resolve the water vapor and temperature elds, are very helpful in understanding mechanisms of local interactions by di usion between hydrometeors. But with this approach we cannot simulate a whole cloud due to the very large number of hydrometeors. Therefore, we used the reference model from this study to develop a sort of model, allowing the representation of local interactions between an ice crystal and surrounding droplets in the sense of bulk microphysics. The description of this approach is given in [4] , where we also show results with an air parcel model to gain some insight of the relevance of local interactions on a whole cloud.
